
 Pandian Journal of Mathematical Sciences 
A Peer Reviewed Journal 

111 
Volume 5, Issue 1, July 2026      E-ISSN: 2583-8822   

Be-Ecofriendly         Save Trees Save Life 

A Visual Exploration of the Inequality      : 
Enhancing Student Understanding Through Geometric Reasoning 

 
Dr. Md Sadikur Rahman, Assistant Professor, Department of Mathematics, Khalisani Mahavidyalaya 

Khalisani, Chandannagar, Hooghly, West Bengal, India. 
ORCiD: https://orcid.org/0000-0002-3559-1993 

Received: 24 May 2026; Revised: 1 July 2026; Accepted: 1 July 2026; Available Online: 15 August 2026. 

 

Abstract 
 

This article presents a geometric proof of the classical inequality       for 
     , designed specifically for mathematics education contexts. Building upon 
existing visual proofs in the literature, we generalize the approach to encompass all 
positive real numbers and demonstrate how this geometric argument can enhance 
student understanding of logarithmic functions, concavity, and inequality reasoning. 
The proof requires only elementary knowledge of logarithms and coordinate geometry, 
making it accessible to undergraduate students while providing valuable visual intuition 
that complements traditional analytic approaches. We provide detailed classroom 
implementation strategies, discuss connections to important mathematical constants, 
and situate this work within the broader literature on visual proofs in mathematics 
education. 
 
Keywords: Visual proof, Mathematics education, Natural logarithm, Tangent line, 
Pedagogical approach. 
 
1. Introduction 

Visual proofs have long been recognized in mathematics education for their 
ability to make abstract concepts more accessible and intuitively understandable 
(Nelsen, 1993, 2015). The inequality       for positive real numbers     is a classical 
result with applications across various mathematical domains, yet its standard analytic 
proofs often rely on calculus techniques that may obscure the underlying geometric 
relationships. 

This article presents a unified geometric proof that covers the entire domain 
   ,    . Beyond merely proving the inequality, we focus on the pedagogical 
implications of this approach, demonstrating how it can help students develop deeper 
understanding of several key mathematical concepts: 

 The geometric properties of logarithmic functions 
 The relationship between functions and their tangent lines 
 The concept of concavity and its algebraic implications 
 Strategic use of visual reasoning in analytic contexts 

This approach differs from previous works studied by Stylianou (2002) and Presmeg 
(2006).  With its generalization and the explicit connections, we draw to mathematics 
education research on visualization and proof comprehension. 
2. Pedagogical Context and Mathematical Background 

Before presenting our geometric proof, it is valuable to situate this work within 
both the mathematical literature and mathematics education research. The inequality 
      has been proven through various methods: 
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2.1 Analytic Approaches 

The standard analytic proof uses calculus, examining the function      
   

 
. 

Since       
     

  
, the function has a maximum at    , yielding           for    , 

which simplifies to      . While elegant, this proof requires understanding of 
derivatives and optimization, concepts that may not be immediately accessible to all 
students. 
2.2 Visual Approaches in Literature 

Chakraborty’s  2 24    visua  proo  co sid rs o  y b    and uses an area 
compariso  argum  t. Mukh rj   a d Chakraborty’s  2 19  proo  sp ci ica  y  or 
      employs a tangent line argument similar in spirit to ours but limited to that 
particular case. Both approaches demonstrate the pedagogical value of visualization, 
but leave room for a more comprehensive treatment of a complete geometric proof 
valid for all positive    . 
2.3 Educational Value of Visual Proofs 

Research in mathematics education indicates that visual proofs can serve 
multiple pedagogical purposes: 

 They provide alternative pathways to understanding for visual learners 
 They help students develop intuition before formal reasoning 
 They offer memorable representations that aid long-term retention 
 They encourage exploration and discovery-based learning 

Our geometric proof leverages these benefits while addressing a mathematically 
significant inequality that appears in various advanced contexts, from information 
theory to mathematical economics. 
3. A Unified Geometric Proof 

The foundation of our proof lies in the geometric properties of the natural 
logarithm function y     : 

 The function is concave down on its entire domain       
 The tangent line at   1 is     1 
 By concavity,       1 for all    , with equality only at   1 

These properties are visually evident in Figure 1, which forms the basis for our 
geometric reasoning. 

 
Figure-1: Geometric representation of the natural logarithm function  

and its tangent line at (1, 0) 
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Theorem 1.  For any positive real number    , the inequality       holds. 
Proof.  We present a case analysis that covers all positive    : 
Case 1:       

Consider the point      . From Figure 1, we observe geometrically that the 
vertical distance from the point  1    to the curve       at       (point   ) is 
greater than the vertical distance to the tangent line     1 at the same   -coordinate 
(point   ). Algebraically, this gives: 

    
 

 
               

 

 
 1   

Since     1, both          and      1  are negative, so the absolute values reverse 
the inequality: 

    
 

 
    

 

 
 1     

 

 
  1  

 

 
 

Exponentiating both sides (using the monotonicity of the exponential function): 
 

 
    

 
  

 

 
 
 

 

Cross-multiplying yields: 

   
 
       

 
          

Case 2:     
When    , we have     1. Geometrically, the vertical distance from  1    to 

the curve at       (point  ) is now less than the distance to the tangent line at the 
same   -coordinate (point  ): 

   
 

 
         

 

 
 1  

This inequality simplifies to: 

        
 

 
 1      1  

 

 
 1      

 

 
 

Multiplying by    : 
                    

Combining both cases, we get the theorem for all    ,    .  
4. Educational Extensions and Classroom Applications 

The geometric proof presented above offers numerous opportunities for 
classroom exploration and extension. Below we outline several pedagogical approaches. 
4.1 Comparative Analysis of Proof Techniques 

Instructors can facilitate rich classroom discussions by comparing different proof 
strategies: 

 Analytic approach: Using derivatives to maximize      
   

 
 

 Visual approach presented here: Geometric comparison of distances 
 Chakraborty’s ar a m thod: For the special case     

Students can discuss the relative strengths of each approach, considering factors like 
generality, accessibility, elegance, and memorability. 
4.2 Exploration with Specific Constants 

The theorem yields immediate corollaries for important mathematical constants: 
Corollary 2 (Comparison with  ).  Since    .141 9    2. 1 2 , we have      . 
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Corollary 3 (Comparison with the Golden Ratio).  For   
    

 
 1. 1     , we have 

     . 
Corollary 4 (Comparison with the Euler-Mascheroni Constant).  For    .   21   , 
we have      . 

These specific cases provide concrete examples that students can verify 
numerically, building confidence in the general result. 
4.3 Interactive Classroom Activities 

1. Visual Exploration: Using graphing software, students can manipulate the value 
of   and observe how the distances     and     change, building intuition before 
formal proof. 

1. Proof Reconstruction: After seeing the complete proof, students can attempt to 
reconstruct it from the diagram alone, strengthening their visual reasoning skills. 

2. Extension Questions: 
 What happens exactly at    ? Why is this case excluded? 
 How would the proof change if we used a tangent line at a point other 

than   1? 
 Can you develop a similar geometric proof for other inequalities involving 

exponential and logarithmic functions? 
5. Pedagogical Implications 

The geometric proof of       presented in this article offers several advantages 
for mathematics education: 

 The proof requires only elementary knowledge of logarithms, exponents, and 
coordinate geometry, making it accessible to a wide range of students, including 
those in pre-calculus or early calculus courses. 

 By linking algebraic inequalities to geometric distances, the approach provides 
visual reinforcement that can aid comprehension and retention, particularly for 
visual learners. 

 Unlike previous visual proofs that treated special cases, our approach handles all 
positive     in a unified framework, demonstrating the power of geometric 
reasoning to establish general results. 

 Presenting this visual proof alongside traditional analytic approaches 
encourages students to appreciate multiple problem-solving strategies and 
develops flexible mathematical thinking. 

We encourage instructors to incorporate this geometric approach into their teaching of 
logarithmic and exponential functions, either as a primary explanation or as a 
supp  m  tary p rsp ctiv  that   rich s stud  ts’ u d rsta di g. Th  visual nature of 
the proof makes it particularly suitable for interactive classroom presentations, and the 
accompanying diagram can serve as a lasting visual reference for students. 
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